Abstract. Let A = K[x 1 , . . . , x n ] be a polynomial ring over a field K and M a monomial ideal of A. The quotient ring R = A/M is said to be MacaulayLex if every Hilbert function of a homogeneous ideal of R is attained by a lex ideal. In this paper, we introduce some new Macaulay-Lex rings and study the Betti numbers of lex ideals of those rings. In particular, we prove a refinement of the Frankl-Füredi-Kalai Theorem which characterizes the face vectors of colored complexes. Additionally, we disprove a conjecture of Mermin and Peeva that lex-plus-M ideals have maximal Betti numbers when A/M is Macaulay-Lex.
Introduction
The Hilbert function is an important invariant of homogeneous ideals of a polynomial ring A = K[x 1 , . . . , x n ] over a field K, studied in commutative algebra, algebraic geometry and combinatorics. One of the central results in the study of Hilbert functions is Macaulay's Theorem [Ma] , which characterizes the Hilbert functions of homogeneous ideals of A in terms of lex ideals. In the 1990's, a remarkable extension of Macaulay's Theorem was proved by Bigatti [Bi] , Hulett [Hu] and Pardue [Pa] . They proved that lex ideals have the greatest graded Betti numbers among all homogeneous ideals having the same Hilbert function. In this paper, we introduce a class of monomial ideals M such that Macaulay's Theorem holds for the quotient ring A/M , and study the graded Betti numbers of lex ideals of those rings.
Let M be a monomial ideal of A and set R = A/M . Recall that the Hilbert function Hilb(N )(−) : Z → Z of a finitely generated graded R-module N is the function defined by Hilb(N )(d) = dim K N d , where N d is the homogeneous component of degree d of N . A set W of monomials of R is said to be a lex-segment if, for all monomials u, v ∈ R of the same degree, u ∈ W and v > lex u implies v ∈ W , where > lex is the degree lexicographic order. We say that a monomial ideal I of R is a lex ideal if the set of monomials in I is lex-segment. The ring R is said to be Macaulay-Lex if, for any homogeneous ideal J of R, there exists a lex ideal of R having the same Hilbert function as J.
By Macaulay's Theorem [Ma] , the polynomial ring A itself is Macaulay-Lex. A famous class of Macaulay-Lex rings is the Clements-Lindström rings [CL] R = A/(x a 1 1 , . . . , x an n ), where 1 ≤ a 1 ≤ · · · ≤ a n are integers or ∞. The notion of Macaulay-Lex rings was introduced in [MeP1] , and basic properties of Macaulay-Lex The first author is supported by an NSF Postdoctoral fellowship (award No. DMS-0703625). The second author is supported by JSPS Research Fellowships for Young Scientists.
rings were established in [MeP1, MeP2] . A fundamental problem about MacaulayLex rings is the following. Problem 1.1 (Mermin-Peeva) . Find classes of monomial ideals M of A such that A/M is Macaulay-Lex.
A homogeneous ideal I of A is said to be homogeneous-plus-M (resp. lex-plus-M ) if there exists a homogeneous (resp. lex) ideal J such that I = J + M . Clearly, A/M is Macaulay-Lex if and only if, for any homogeneous-plus-M ideal I, there exists a lex-plus-M ideal having the same Hilbert function as I. Inspired by the Bigatti-Hulett-Pardue Theorem as well as Evans' Lex-plus-powers Conjecture [FR] , Mermin and Peeva made the following conjecture in [MeP2] . Conjecture 1.2 (Mermin-Peeva) . Suppose that R = A/M is Macaulay-Lex.
(1) Every lex ideal L of R has the greatest graded Betti numbers among all homogeneous ideals of R having the same Hilbert function as L. (2) Every lex-plus-M ideal L of A has the greatest graded Betti numbers among all homogeneous-plus-M ideals of A having the same Hilbert function as L.
Note that (1) considers infinite free resolutions, while (2) considers finite free resolutions. Conjecture 1.2 has been well studied for Clements-Lindström rings R = A/(x a 1 1 , . . . , x an n ). In this special case, Conjecture 1.2(2) was proved in a series of papers [MPS, Mu1, MM] , and Conjecture 1.2(1) was proved in [MuP] when the characteristic K is 0. On the other hand, little is known for other Macaulay-Lex rings. In this paper we consider the following rings. Definition 1.3. Let V = r j=1 V j be a set of variables with V j = {x j,1 , . . . , x j,n j }, where n 1 ≥ n 2 ≥ · · · ≥ n r . Denote by S = K[V ] the polynomial ring over K with the set of variables V . We will work with the lexicographic order > lex on S induced by the ordering of the variables defined by x k, > x k , if > or = and k < k . Let Q = r j=1 (x j,1 , . . . , x j,n j ) 2 ⊂ S. We call the ring R = S/Q an r-colored squarefree ring of type (n 1 , . . . , n r ).
We say that a quotient ring R = A/M admits ideals with maximal Betti numbers over A if, whenever H is the Hilbert function of some homogeneous-plus-M ideal of A, there exists a homogeneous-plus-M ideal L with Hilbert function H such that β i,j (L) ≥ β i,j (I) for all i, j and for all homogeneous-plus-M ideals I with Hilbert function H, where β i,j (J) are the graded Betti numbers of an ideal J of A. Thus Conjecture 1.2(2) states that Macaulay-Lex rings admit ideals with maximal Betti numbers. The main results of this paper are the following.
• Colored squarefree rings are Macaulay-Lex.
• An r-colored squarefree ring of type (n 1 , . . . , n r ) does not admit ideals with maximal Betti numbers over S if r = 2 and n 2 ≥ 4 or if r ≥ 3 and n r ≥ 3.
• A computation of the graded Betti numbers of Borel ideals over R. In particular, the second result disproves Conjecture 1.2(2).
The first result is inspired by the Frankl-Füredi-Kalai Theorem [FFK] , which characterizes face vectors of colored simplicial complexes. Indeed, if n 1 = · · · = n r then the result is equivalent to the Frankl-Füredi-Kalai Theorem (see Remark 2.12 for details). Our proof is different from the original proof of the Frankl-Füredi-Kalai Theorem, but similar to another proof of the theorem given by London [Lo] . Frankl-Füredi-Kalai used a combinatorial technique called shifting, while our proof is based on compression, a technique which was introduced by Macaulay [Ma] and used efficiently by Clements-Lindström [CL] . This paper is organized as follows: In Section 2, we show that colored squarefree rings are Macaulay-Lex. In Section 3, we study the graded Betti numbers of lexplus-Q ideals and disprove Conjecture 1.2(2). In Section 4, we study the graded Betti numbers of Borel ideals of r-colored squarefree rings. In Section 5, we discuss some related problems.
The Macaulay-Lex property
In studying Problem 1.1 and Conjecture 1.2, it is enough to consider monomial ideals since the initial ideal of a homogeneous-plus-M ideal I is a monomial ideal which contains M and which has the same Hilbert function as I (see e.g., [Ei, Chap. 15] ). Thus, throughout this paper, we assume that all the ideals are monomial ideals. The main result of this section is the following.
Theorem 2.1. Let R be an r-colored squarefree ring. For any monomial ideal I of R, there exists a unique lex ideal L of R having the same Hilbert function as I.
In the rest of this section, R = S/Q stands for an r-colored squarefree ring as defined in Definition 1.3. For a subset A ⊂ [r] = {1, 2, . . . , r}, writeĀ = [r] \ A, 
Let I be a monomial ideal of R and M the set of monomials in I. The Acompression of I is the K-vector space spanned by the A-compression of M . Notation 2.3. Let W be a set of monomials in R d . Define
Write Lex(W ) ⊂ R d for the lex-segment set of monomials with |W | = |Lex(W )|.
For any monomial m ∈ R, let first(m) (resp. last(m)) be the greatest (resp. smallest) variable which divides m. Let color(m) = {j ∈ [r] : there exists y ∈ V j such that y divides m}.
The following facts are straightforward (see, e.g., [MeP1] ).
Lemma 2.4. If W ⊂ R is a lex-segment set of monomials of the same degree then Shad(W ) is also a lex-segment.
Corollary 2.5. Theorem 2.1 holds if and only if, for any set W ⊂ R of monomials of the same degree, one has |Shad(W )| ≥ |Shad(Lex(W ))|.
We will prove Theorem 2.1 by using Corollary 2.5 and induction on r.
Lemma 2.6. Theorem 2.1 holds if r ≤ 2.
Proof. The statement is obvious if r = 1. Suppose r = 2. Note that R = R 0 ⊕ R 1 ⊕ R 2 . Then, by Corollary 2.5, it is enough to show that, for any set W ⊂ R 1 of monomials, one has |Shad(W )| ≥ |Shad(Lex(W ))|.
Let
Then |Shad(W )| is smallest when the difference between (n 1 − a 1 ) and
Definition 2.7. Let W = {u 1 , . . . , u t } and W = {u 1 , . . . , u t } be sets of monomials of R with u 1 > lex · · · > lex u t and u 1 > lex · · · > lex u t . We say that W is lex-greater than W if there exists 1 ≤ j ≤ t such that u k = u k for k < j and u j > lex u j .
Lemma 2.8. Suppose that Theorem 2.1 holds for all (r −1)-colored squarefree rings. Let A ⊂ [r] with |A| = r − 1. (i) For any monomial ideal I of R, the A-compression of I is an ideal of R.
(ii) Let W ⊂ R d be a set of monomials and W the A-compression of W . Then W is lex-greater than or equal to W and |Shad(W )| ≥ |Shad(W )|.
Note that the vector space spanned by M f is a monomial ideal of R A . By the assumption, the vector space spanned by L f is an ideal of R A . Hence, what we must prove is that, for any f u ∈ f L f and for any variable y ∈ VĀ, one has yf u ∈ L or yf u = 0.
Suppose
(ii) It is clear that W is lex-greater than or equal to W . Let I be the monomial ideal generated by W and J the A-compression of I. Note that if W ⊂ R d is a lex-segment, then |Shad(W )| = m∈W grow(m). This definition is inspired by work of Bigatti [Bi] , who used the analogous formula in a polynomial ring to study Borel ideals. Proof. We may assume t = t + 1. For any j ∈ color(m) one has
Lemma 2.11. Suppose r ≥ 3. Let W ⊂ R d be a compressed set of monomials which is not a lex-segment. There exists a set W ⊂ R d of monomials such that
be the lex-greatest monomial which is not in W and b the lex-smallest monomial in W . SetW = W ∪ {g} and W = (W \ {b}) ∪ {g}. Then, by the choice of g and b, a straightforward computation implies
Hence, to prove the statement, it is enough to show
The statement is obvious if d = r. Hence we may assume 2 ≤ d < r. Let u be the lex-greatest monomial in W such that u < lex g. Set y 1 = first(u), y 0 = first(g) and z = last(b). Clearly, y 0 ≥ y 1 since g > lex u. Moreover, since W is compressed, Lemma 2.9 implies
Let f be the lex-smallest monomial of degree d which is divisible by y 0 z. Since y 0 > first(b), f > lex b. Since f and b are divisible by z, Lemma 2.9 implies f ∈ W . Also, since f > lex u and since u is the lex-greatest monomial in W with u < lex g, we have f > lex g.
Since f is the lex-smallest monomial of degree d which is divisible by y 0 z, if w = z then f is the lex-smallest monomial of degree d which is divisible by y 0 . However, this cannot happen since f > lex g and g is divisible by
and W is compressed, we have f ∈ W . In particular, f > lex g by the choice of u. Hence f cannot be the lex-smallest monomial of degree
In both cases, we have grow(g) = 0 ≤ grow(b). Now we are in position to prove Theorem 2.1.
Proof of Theorem 2.1. We use induction on r. We may assume r ≥ 3 by Lemma 2.6. Suppose that the statement holds for all (r − 1)-colored squarefree rings.
Let W be a set of monomials of degree d. By Corollary 2.5, it is enough to show that |Shad(W )| ≥ |Shad(Lex(W ))|. By Lemmas 2.8 and 2.11, if W is not a lex-segment then there exists
Remark 2.12. Here we note the relation between Theorem 2.1 and face vectors of colored simplicial complexes. A simplicial complex ∆ on [n] = {1, 2, . . . , n} is a collection of subsets of [n] such that, if F ∈ ∆ and G ⊂ F , then G ∈ ∆. A simplicial complex ∆ is said to be r-colored if there exists a partition of [n], [n] = C 1 ∪ · · · ∪ C r , such that for every F ∈ ∆ and every 1 ≤ i ≤ r, |C i ∩ F | ≤ 1. In particular, if r = max{|F | : F ∈ ∆} then ∆ is called completely balanced.
Let H i = {k ∈ [n] : k ≡ i (mod r)} for i = 1, 2, . . . , r and let C be the collection of subsets F ⊂ [n] satisfying |F ∩H i | ≤ 1 for all i. Let > rev be the reverse lexicographic order induced by 1 > rev · · · > rev n. An r-colored rev-lex complex Γ ⊂ C is an rcolored simplicial complex such that, for any faces F ∈ Γ and G ∈ C with |F | = |G|, if G > rev F then G ∈ Γ. Considering the partition [n] = H 1 ∪ · · · ∪ H r , we see that r-colored rev-lex complexes are r-colored. While many r-colored complexes are not defined by the special partition above, Frankl, Füredi and Kalai [FFK] proved that they all share a face vector with an r-colored rev-lex complex. In particular, since r-colored rev-lex complexes are uniquely determined by their face vectors, this result characterizes the possible face vectors of colored complexes in terms of colored revlex complexes (a numerical characterization was also given in [FFK] ). This result of Frankl, Füredi and Kalai can be recovered from Theorem 2.1.
Suppose that ∆ is an r-colored simplicial complex on [n] . Then there exists a monomial ideal I of an r-colored squarefree ring R of type (n, . . . , n) such that the set of monomials of R which are not in I can be identified with ∆. (Since R has nr variables, the ideal I will contain at least (nr − n) variables corresponding to vertices which don't appear in ∆.) Theorem 2.1 shows that there exists a lex ideal L of R having the same Hilbert function as I. The r-colored rev-lex complex having the same face vector as ∆ corresponds to the set of monomials of R which are not in L.
Actually, Theorem 2.1 refines this result. Theorem 2.1 characterizes the face vectors of colored simplicial complexes on [n] with a fixed partition [n] = C 1 ∪· · ·∪C r . For example, our result gives the complete description of face vectors of 2-colored complexes on [6] with the specific partition [6] = {1, 2, 3, 4} ∪ {5, 6}, while the Frankl-Füredi-Kalai Theorem does not guarantee this.
Betti numbers of lex-plus-Q ideals
In this section, we show that most colored squarefree rings do not admit ideals with maximal Betti numbers over S. As before, let R = S/Q be an r-colored squarefree ring of type (n 1 , . . . , n r ) as defined in Definition 1.3. For a finitely generated graded S-module M , the integers β i,j (M ) = dim K Tor i (M, K) j and β i (M ) = dim K Tor i (M, K) are called the graded Betti numbers of M and the total Betti numbers of M respectively. A monomial ideal I of S is said to be strongly color-stable if ux j,k ∈ I implies ux j, ∈ I for all k < and for all j ∈ [r]. The next fact easily follows from [BN, Theorem 5.4] or [Me, Theorem 5.9 ].
Lemma 3.1. Let I be a homogeneous-plus-Q ideal. There exists a strongly colorstable ideal J with J ⊃ Q and Hilb(J) = Hilb(I) such that β ij (J) ≥ β ij (I) for all i and j.
The above lemma shows that, to study Conjecture 1.2(2) for colored squarefree rings, it is enough to consider strongly color-stable ideals.
3.1. 2-colored squarefree rings. We first consider 2-colored squarefree rings. Let n 1 ≥ n 2 ≥ 4, S = K[x 1 , . . . , x n 1 , y 1 , . . . , y n 2 ] and Q = (x 1 , . . . , x n 1 ) 2 + (y 1 , . . . , y n 2 ) 2 .
Proposition 3.2. A 2-colored squarefree ring R = S/Q of type (n 1 , n 2 ) with n 2 ≥ 4 does not admit ideals with maximal Betti numbers over S.
We first give an example.
Example 3.3. Let A = K[x 1 , . . . , x 4 , y 1 , . . . , y 4 ] and P = (x 1 , . . . , x 4 ) 2 +(y 1 , . . . , y 4 ) 2 . Let L = (x 4 , x 3 , y 4 , x 2 y 3 , x 1 y 3 ) + P, I = (x 4 , x 3 , y 4 , x 2 y 3 , x 2 y 2 ) + P and J = (x 4 , x 3 , x 2 ) + P.
Then L is lex-plus-P and any strongly color-stable ideal B with B ⊃ P and Hilb(B) = Hilb(L) is isomorphic to L, I, or J. The following are Betti diagrams of these ideals computed by the computer algebra system Macaulay 2 [GS] : Proof of Proposition 3.2. We use the ideals given in Example 3.3. Let L be the ideal of S defined by L = LS + (x 5 , . . . , x n 1 , y 5 , . . . , y n 2 ).
Define I and J in the same way as L . Then L is lex-plus-Q, and every strongly color-stable ideal B with B ⊃ Q and Hilb(B) = Hilb(L ) is isomorphic to L , I , or J . Recall that, if M is a homogeneous ideal of S and f is a non-zero divisor of S/M , then the tensor product of the minimal free resolutions of S/M and S/(f ) is a minimal free resolution of S/(M + (f )). By using this fact together with the computations given in Example 3.3, it follows that
Then, by Lemma 3.1, the ring S/Q does not admit ideals with maximal Betti numbers over S.
Remark 3.4. While we used a computer system for the computations of Betti diagrams of L, I, and J, one can compute those betti numbers by using Lemma 3.7 and Hochster's formula.
3.2. General construction. In the rest of this section, R = S/Q is an r-colored squarefree ring of type (n 1 , . . . , n r ) with r ≥ 3 and n r ≥ 3. The goal is to show the following.
Theorem 3.5. With the same notation as above, R does not admit ideals with maximal Betti numbers over S.
First, we give a formula to compute the graded Betti numbers of a strongly color-stable ideal I with I ⊃ Q using simplicial complexes.
For any strongly color-stable ideal I = I + Q of S, where I is generated by monomials not in Q, defineĨ = I S +Q. Thus the idealĨ is obtained from I = I + Q by replacing Q byQ.
Example 3.6. Let I = (x 1,2 x 2,2 , x 1,2 x 2,1 ) + (x 2 1,1 , x 1,1 x 1,2 , x 2 1,2 , x 2 2,1 , x 2,1 x 2,2 , x 2 2,2 ). ThenĨ = (x 1,2 x 2,2 , x 1,2 x 2,1 ) + (x 1,0 x 1,1 , x 1,0 x 1,2 , x 1,1 x 1,2 , x 2,0 x 2,1 , x 2,0 x 2,2 , x 2,1 x 2,2 ).
Actually, the map I →Ĩ is a special case of the colored squarefree operation introduced in [BN] . Thus, by [Mu2, Theorem 0.1], we obtain Lemma 3.7. Let I be a strongly color-stable ideal of S with I ⊃ Q. Then I andĨ have the same graded Betti numbers.
SinceĨ is a squarefree monomial ideal, we can compute its graded Betti numbers using Hochster's formula. We recall Hochster's formula. Let J be a squarefree monomial ideal ofS, and let ∆(J) be its Stanley-Reisner complex, ∆(J) = {u ∈S \ J : u is a squarefree monomial}.
(We identify squarefree monomials ofS with subsets ofṼ and regard ∆(J) as a simplicial complex on the vertex setṼ .) Hochster's formula [Ho] says
and whereH i (∆; K) is the i-th reduced homology group of a simplicial complex ∆ over a field K.
A simplicial complex ∆ on the vertex setṼ is said to be colored shifted if ux j,k ∈ ∆ implies ux j, ∈ ∆ for any j ∈ [r] and for any 0 ≤ < k such that x j, does not divide u. The top Betti numbers of colored shifted complexes can be computed as follows (see [BN, Theorem 5.7] and [Mu2, Proposition 4.2]). Proof. Note that Γ(I) is the set of monomials u in ∆(Ĩ) of degree r which are not divisible by any of the x j,0 . Since I is strongly color-stable, the simplicial complex ∆(Ĩ) is colored shifted. Note also that, for any W ⊂Ṽ , ∆(Ĩ) W is colored shifted on W . Hence, for any W ⊂Ṽ with |W | = 2r, Lemma 3.8 implies (Observe that, if W ∩ V j = {x j,k , x j, } with k < l, then x j,k plays the role of x j,0 in Lemma 3.8.) By Hochster's formula,
The last equality follows since I is strongly color-stable. Then the statement follows from Lemma 3.7.
We need the following fact.
Lemma 3.10. Let a 1 ≥ · · · ≥ a t and b 1 ≥ · · · ≥ b t be a sequence of integers. If
Proof. We induct on t. If t = 1 then there is nothing to prove. Suppose t > 1. If a 1 ≥ b 1 then the statement immediately follows by induction. Suppose a 1 < b 1 . Note that a 2 + · · · + a t > b 2 + · · · + b t by the assumption. Let p ≥ 2 be the greatest integer such that a p = a 2 . We claim that
Thus, the sequence (a 1 + 1, a 2 , . . . , a p−1 , a p − 1, a p+1 , . . . , a t ) also satisfies the assumption of the lemma, and, since a 1 ≥ a p ,
By repeating this procedure, we may assume a 1 = b 1 . The statement follows by induction.
Proof of Theorem 3.5. Let α = x 1,n 1 x 2,n 2 · · · x r−2,n r−2 .
[Case 1]: Suppose n r−1 = n r . To simplify, set n = n r−1 = n r . Let I = (αx r−1,n , αx r−1,n−1 ) + Q and L = (αx r−1,n , αx r,n , αx r−1,n−1 x r,n−1 ) + Q. Note that I and L are strongly color-stable ideals having the same Hilbert function. First, we show that the graded Betti numbers of I and L are incomparable.
Clearly, β 0 (I) < β 0 (L). It is enough to show that β r−1,2r (I) > β r−1,2r (L). Since
and Γ(L) \ Γ(I) = {αx r−1,n−1 x r, : = 1, 2, . . . , n − 2}, it follows from Lemma 3.9 that
Since L is lex-plus-Q, any monomial ideal J ⊃ Q with Hilb(J) = Hilb(L) satisfies β 0 (J) ≤ β 0 (L). Thus, to complete the proof, it is enough to show that, if J is any homogeneous-plus-Q ideal which has the same Hilbert function as L and satisfies
We may assume that J is strongly color-stable. Since J has the same Hilbert function as L, J contains two monomials u 1 and u 2 of degree r − 1 which are not in Q. Let {c k } = [r] \ color(u k ). Then |Shad({u 1 , u 2 })| ≥ n c 1 + n c 2 − 1. Since J has a generator of degree r and has the same Hilbert function as L, |Shad({u 1 , u 2 })| must be equal to 2n − 1. It follows that n c 1 = n c 2 = n, and c 1 = c 2 . Thus (u 1 , u 2 ) + Q is isomorphic to (αx r−1,n , αx r,n ) + Q. Hence we may assume u 1 = αx r−1,n and u 2 = αx r,n .
Let v be a generator of J of degree r. Then Γ(J) \ Γ(L) = {αx r−1,n−1 x r,n−1 } and Γ(L) \ Γ(J) = {v}. Also, since J = L is strongly color-stable, v is a monomial of the form v = x k,n k −1 ( j =k x j,n j ) for some 1 ≤ k ≤ r − 2. Then, by Lemma 3.9, we have
[Case 2] : Suppose n r−1 > n r . Let I = α(x r−1,n r−1 , . . . , x r−1,nr+2 , x r,nr ) + Q and L = α(x r−1,n r−1 , . . . , x r−1,nr+2 , x r−1,nr+1 , x r−1,nr x r,nr ) + Q.
Then I and L are strongly color-stable ideals having the same Hilbert function. First, we show that the graded Betti numbers of I and those of L are incomparable. Clearly, β 0 (I) < β 0 (L). On the other hand, in the same way as [Case 1], we have
Since L is lex-plus-Q, to complete the proof, it is enough to show that, for any strongly color-stable ideal J ⊃ Q having the same Hilbert function as L,
Let t = n r−1 − n r . Then J has generators u 1 , . . . , u t of degree r − 1 which are not in Q. First, we claim that color(u k ) = [r − 1] for all k.
However, since J has a generator of degree r and has the same Hilbert function as L, |Shad({u 1 , . . . , u t })| must be equal to tn r . Since n c k − (k − 1) ≥ n r−1 − t + 1 > n r for k = s + 1, . . . , t, it follows that s = t and color(u k ) = [r − 1] for all k. Let v = x 1,j 1 · · · x r,jr be the generator of J with deg v = r. Write
Since J is strongly color-stable, we may assume that
and
Also, since J is strongly color-stable, we have j r = n r . Now, by Lemma 3.9, we have
By (3), the sequences (i 1,k , . . . , i r−1,k ) and (n 1 , . . . , n r−2 , n r−1 − k + 1) satisfy the conditions of Lemma 3.10, and, by (4), so do (j 1 , . . . , j r−1 ) and (n 1 , . . . , n r−2 , n r−1 − t). Then the desired inequality β r−1,2r (L) ≥ β r−1,2r (J) follows from Lemma 3.10. 
Betti numbers of Borel ideals over a colored squarefree ring
In the previous section, we saw that most colored squarefree rings do not satisfy Conjecture 1.2(2). On the other hand, we are not sure whether Conjecture 1.2(1) fails for those rings. Indeed, the ideals used in the proof of Theorem 3.5 do not give a counterexample of Conjecture 1.2(1). The purpose of this section is to give a way to compute the graded Betti numbers of lex ideals of a colored squarefree ring, which will be the fist step in studying Conjecture 1.2(1) for colored squarefree rings.
Let R = S/Q be an r-colored squarefree ring as defined in Definition 1.3. For a finitely generated graded R-module M , let β Proof. It is clear that the first syzygy module of the ideal (x 1 ) of B is (x 1 , . . . , x n ). Since I = (x 1 ) B (x 2 ) B · · · B (x p ), the first syzygy module of I is isomorphic to (x 1 , . . . , x n ) B · · · B (x 1 , . . . , x n ) ⊂ B p . Then I has a linear resolution and β i+1 (I) = nβ i (I) for all i ≥ 0.
For a subset W ⊂ V , write I W for the ideal of R generated by W .
Lemma 4.2. Let W ⊂ V and p j = |W ∩ V j |. Then I W has a linear resolution and
Proof. Let I {k} be the ideal of
2 generated by W ∩ V k . Let F {k} be the minimal free resolution of R {k} /I {k} over R {k} . Since Lemma 4.4. Let I ⊂ R be a Borel ideal with G(I) = {u 1 , . . . , u t }, where u 1 · · · u t . Then, for k = 1, 2, . . . , t,
Proof. Since I is Borel, it is clear that the left-hand side contains the right-hand side. We show that the right-hand side contains the left-hand side.
Let f u k ∈ (u 1 , . . . , u k−1 ) be a monomial and d = deg u k . If f u k = 0 then there exists a monomial y ∈ V a with a ∈ color(u k ) such that y divides f . Suppose f u k = 0. Write f u k = y 1 · · · y s , where y 1 > · · · > y s are variables. Since (u 1 , . . . , u k−1 ) is Borel, there exists an integer 1 ≤ δ ≤ d such that y 1 · · · y δ ∈ G(I). Let u p = y 1 · · · y δ . Then last(u p ) > last(u k ) and u p does not divides u k . Hence there exists y which divides u p but does not divide u k . This y must divide f , and y > last(u k ). Proof. The proof is the same as that of [HT, Lemma 1.5] . Let G(I) = {u 1 , . . . , u t } with u 1 · · · u t . We use induction on t. If t = 1 then the first syzygy module of I = (u 1 ) is (0 : u 1 ) = I T (u 1 ) , and therefore the statement follows from Lemma 4.2.
Suppose t > 1. Let J = (u 1 , . . . , u t−1 ) and d = deg u t . Note that J is also Borel. Consider the short exact sequence
By Lemma 4.4, (J : u t ) = I T (ut) . Let G be the minimal free resolution of R/J over R and F the minimal free resolution of R/(J :
) . This shows that R/I is minimally resolved by the mapping cone arising from the map R/(J : u t )(−d) Remark 4.7. The key idea in the proof of Proposition 4.5 is that the colon ideal ((u 1 , . . . , u k−1 ) : u k ) has a 1-linear resolution. This property also holds for Borel ideals in the quotient ring S/M , whenever M is an ideal generated by monomials of degree 2. Thus, the Betti numbers of Borel ideals of such rings can be computed in the same way as the proof of Proposition 4.5.
One might think that the graded Betti numbers of a Borel ideal I = (u 1 , . . . , u t ) depend on the shape of T (u j ). We will show that they only depend on grow( . Let e i = |W (m) ∩ V i | for i = 1, 2, . . . , r and e = (e 1 , . . . , e r ). Let last(m) = x s,t and q = max{j : n j ≥ t}. Then, by (1) (in the proof of Lemma 2.10), the vector e can be written in the form e = (e 1 , . . . , e q , n q+1 , . . . , n r ) and each e k is either 0, t − 1 or t for k = 1, 2, . . . , q. Consider the vector of the form e = (ẽ 1 , . . . ,ẽ r ) = (0, . . . , 0, t − 1, . . . , t − 1, t, . . . , t, n q+1 , . . . , n r ) which is obtained by a permutation of entries of e. LetW = r i=1 {x i,j : 1 ≤ j ≤ẽ i }. Then c(W ) =ẽ. By the construction ofẽ, it follows that R[W ] and R[W (m)] have the same Hilbert function. Also, by the formula ofẽ, it is clear thatW is a set of lex-smallest variables in r j=d+1 V j . By Proposition 4.5 and Lemma 4.8, we get Theorem 4.9. Let I = (u 1 , . . . , u t ) be a Borel ideal of R with grow(u k ) = a k . Then
Example 4.10. Let I, L and R = S/Q be as in Example 3.11. LetĨ = (x 3 y 3 , x 3 y 2 ) andL = (x 3 y 3 , x 3 z 3 , x 3 y 2 z 2 ) be ideals of R. Since L is lex-plus-Q,L is lex. Also W (x 3 y 3 ) = {z 1 , z 2 , z 3 }, W (x 3 z 3 ) = {y 1 , y 2 } and W (x 3 y 2 z 2 ) = ∅. Hence, by Proposition 4.5, Unfortunately, the above ring S/Q is generally not Macaulay-Lex with respect to any order of the variables. However, Problem 5.3 would be interesting since it yields the complete description of h-vectors of balanced Cohen-Macaulay complexes (see [BFS, St] ).
